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This lesson comes from Hogg McKean & Craig (7th Ed.) section 11.2
and Wackerly sections 16.3
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Conjugate Priors
X ~ F(x | 8) = model distribution
7(0) = prior distribution
Joint Density (6, X)

0| X)= terior distribution=
ZOI RYAEsSteio bl e Unconditional density(X)

If 1(6 | X) has the same form as 7t(0) with different parameter values

— 7T iS a conjugate prior.

N ~ Poisson(A), A ~ Gamma(«, ) — Poisson/Gamma
N ~ Binomial(n, p), p ~ Beta(a, b) — Binomial/Beta
X~ N(6,v),0 ~ N(i,a) — Normal/Normal
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Poisson/Gamma
N ~ Poisson(A) = conditional distribution — px = e~ AX /k!

A% e—?\/e
A ~ Gamma(x, 0) — m(A) = 05 (o — 1)1
Observe N = k.
A\ [N = k) = Jomt. F)ensﬂy(A, .k) _ T(A)P[N = k | A]
Unconditional density (k) P[N = k]
<}\oc—1 e—?\/@ e—?\}\k
B 9“(“—1)!> < k! ) _ ATtk o-A(1/641)
= D[N = K| =CA e

C doesn’t depend on A. Could find on chart or { w(A | N = k) d\ = 1.

1 1
But already t(A | N = k) ~ Gamma (oc’ = oc+k,@ =3 +1) .
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Example @
The annual number of claims for a policyholder follows a Poisson
distribution with mean A. The prior distribution of A is Gamma with

. . . (2A)°%e2N
probability density function f(A) = ——~———. An insured selected at

random has x; = 5 claims during Year 1 and xo = 3 during year 2.
Find the posterior distribution of A. — Gamma(x = 5,0 = 1/2)

51 .—A/(1/2)
(AeS(g—m ) (6=7AS/51) (e~ A3/31)

(A | X) =
( | ) P[X1=5,X2=3]
_ C?\5_1+(5+3)e_}\<117+2)
1 1
/
~ = — =42
Gamma(oc 5+(5+3),e, 1/2+ )
, _ 1 1
~ Gamma | ' = « + total claims o "o + total years
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Posterior mean claims @

Recent exam question: Calculate the posterior mean claims.
Poisson/Gamma: the answer is the same as mean of the posterior.
E[N | X]= Exx) [E[N | Al]l= Exax) [A]= " - 6.

In case you are asked for the posterior variance of claims:
For Poisson/Gamma, N ~ Negative Binomial with r = «, 3 = 0.
EINl]=r-f=«-0 Var(N) =r-B(14+B)=o-06(1+0).
Compare/Contrast Posterior mean/variance:
E[A] = «’- 0,  Var(A) = « - 0"
E[N]=a'-0", Var(N)=«o'-0'(1+0')
The posterior distribution of N is called the predictive distribution.

The posterior mean of N is the Bayesian credibility premium.
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Exercise 1 @

The annual number of claims for a policyholder follows a Poisson
distribution with mean A. The prior distribution of A is Gamma with
mean 2.5 and variance 1.25. An insured selected at random has 1
claim during Year 1. Find the posterior distribution of A.
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Exercise 1 @

The annual number of claims for a policyholder follows a Poisson

distribution with mean A. The prior distribution of A is Gamma with
mean 2.5 and variance 1.25. An insured selected at random has 1
claim during Year 1. Find the posterior distribution of A. -

E[{\] j_z;)f 0(@ '\f(M((\)-, O(QL:/,ZS [_—_‘7'___5—_1_
(0((9)69 G- 2.9 2
L nf/ 7.589=/.25 oé:g

e (45014, 31D

~(r o (220, 0= 13) ‘
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Exercise 2

e

The annual number of claims for a policyholder follows a Poisson
distribution with mean A. The prior distribution of A has density Ae=?
An insured selected at random has 1 claim during Year 1 and x claims
in year 2. The posterior density of A is found to be 13.5A2e~3*. How
many claims were observed in Year 27

C.4 Bayesian Statistics

Exercise 2
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e

The annual number of claims for a policyholder follows a Poisson
distribution with mean A. The prior distribution of A has density Ae™*
An insured selected at random has 1 claim during Year 1 and x claims
in year 2. The posterior density of A is found to be 13.5A%¢_%*. How
many claims were observed in Year 27

ﬁ/))iéo\mm(/\(‘*‘-l,g'/> kf/—rX/ ﬂfz
) L . Liy).
(3 1X) = G [ X224 145, g™ ] 2-3 )
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