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Future Lifetime of a newborn, T0

§ T0 „ RV for future lifetime of newborn

§ In other words, the age-at-death RV

§ T0 is continuous

§ T0 ě 0

0 T0

death
T0

age-at-death RV ” T0
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Future Lifetime of a person age x, Tx

§ pxq - a life age x

§ Tx „ RV for future lifetime of pxq

§ Tx is continuous

§ Tx ě 0

x x` Tx

death
Tx

age-at-death RV ” x` Tx

T0 “ x` Tx
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Cumulative Distribution Function, Fxptq

Probability of pxq dying before age x` t.

Fxptq “ PrpTx ď tq “ PrpT0 ď x`t |T0 ą xq “
F0px` tq ´ F0pxq

1´ F0pxq

Three properties:

1. Fxp0q “ 0

2. lim
tÑ8

Fxptq “ 1

3. non-decreasing function of t: Fxpaq ď Fxpbq for a ă b

Fxp5q ­ą Fxp50q
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Cumulative Distribution Function Example

Example

Express the probability that a (30) dies between ages 40 and 45
using the cumulative distribution function.

30 40 45

Prp10 ă T30 ă 15q “ F30p15q ´ F30p10q

“
F0p45q ´ F0p40q

1´ F0p30q
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Survival Distribution Function, Sxptq

Probability of a pxq attaining age x` t. i.e., probability of a pxq
not dying before age x` t.

Sxptq “ PrpTx ą tq “ 1´ PrpTx ď tq “ 1´ Fxptq

“ PrpT0 ą x` t |T0 ą xq “
S0px` tq

S0pxq

Three properties:

1. Sxp0q “ 1

2. lim
tÑ8

Sxptq “ 0

3. non-increasing function of t: Sxpaq ě Sxpbq for a ă b

Sxp5q ­ă Sxp50q
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Survival Distribution Example

Example

Express the probability that a (30) dies between ages 40 and 45
using the survival function.

30 40 45

Prp10 ă T30 ă 15q “ S30p10q ´ S30p15q

“
S0p40q ´ S0p45q

S0p30q
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Curtate Future Lifetime of pxq, Kx

Kx “ tTxu

where t u denotes the greatest integer (or floor) function

Kx „ RV for the number of completed future years by pxq prior
to death. For integral x, Kx is the number of future birthdays.

x x` 1 x` 2 x` k x` k ` 1

K “ 0 K “ 1 K “ k
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Curtate Future Lifetime Example

Example

Write the probability that a 50 year old dies between ages 51
and 53.

50

K “ 0

51

K “ 1

52

K “ 2

53

Prp1 ď K50 ď 2q “ PrpK50 “ 1q ` PrpK50 “ 2q
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Exercise

You are given a survival function S0pxq “ 1´ 0.01x for
0 ď x ď 100.

Determine the median future lifetime of a life aged 10.

Let m be the median.

PrrT10 ď ms “ 0.5

PrrT10 ą ms “ 1´ 0.5 “ 0.5

S10pmq “ 0.5

S0pm` 10q

S0p10q
“ 0.5

1´ 0.01pm` 10q

1´ 0.01p10q
“ 0.5

m “ 45
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tpx

Definition (tpx)

Probability that pxq will attain age x` t.

tpx “ PrpTx ą tq

“ Sxptq

If t “ 1, prefix omitted

px “ probability pxq will attain age x` 1

t`upx “ tpx ¨ upx`t
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tqx

Definition (tqx)

Probability that pxq dies within t years.

tqx “ PrpTx ď tq

“ Fxptq

tqx “ 1´ tpx

If t “ 1, prefix omitted

qx “ probability pxq dies in 1 year

mortality rate at age x
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t|uqx

Definition (t|uqx)

Probability that pxq will survive t years and die within the
following u years.

x x` t x` t` u

t|uqx “ Prpt ă Tx ď t` uq “ Sxptq ´ Sxpt` uq

“ tpx ´ t`upx

“ t`uqx ´ tqx

“ tpx ¨ uqx`t
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t|uqx cont.

If u “ 1, prefix omitted

5|q40
40 45 46
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Revisit Curtate Future Lifetime

x x` 1 x` 2 x` k x` k ` 1

K “ k

kpx qx`k

PrpKx “ kq “ kpx ¨ qx`k “ k|qx

6 k|qx is PDF for curtate future lifetime for pxq

8
ÿ

k“0

k|qx “ 1

FKxpyq “
z
ÿ

h“0

h|qx where z is the greatest integer in y
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Summary of Actuarial Notation

1. tpx
§ probability pxq survives at least t years
§ Sxptq, survival function for Tx

2. tqx
§ probability pxq dies before age x` t
§ Fxptq, cumulative distribution function for Tx

3. t|uqx
§ probability pxq survives t years and dies in the following u

years
§ t|qx is the probability density function for Kx
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Exercise

You are given 1|qx`1 “ 0.095, 2|qx`1 “ 0.171 and qx`3 “ 0.200.
Calculate qx`1 ` qx`2.

Step 1 - Find 2px`1

2|qx`1 “ 2px`1 ¨ qx`3

0.171 “ 2px`1 ¨ 0.2

2px`1 “ 0.855

Step 2 - Find qx`1

1|qx`1 “ px`1 ´ 2px`1

0.095 “ px`1 ´ 0.855

px`1 “ 0.95

qx`1 “ 0.05

Step 3 - Find qx`2

2px`1 “ 0.855

px`1 ¨ px`2 “ 0.855

0.95 ¨ px`2 “ 0.855

px`2 “ 0.9

qx`2 “ 0.1

qx`1 ` qx`2 “ 0.05` 0.1 “ 0.15
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Exercise - Problem Solving Technique

Given 1|qx`1, 2|qx`1 and qx`3, find qx`1 and qx`2.

Write out every relationship for the given information that you
can think of:

§ 1|qx`1 “ px`1 ¨ qx`2 3 - finally find qx`2

“ px`1 ´ 2px`1 2 - plug into here to find qx`1

“ 2qx`1 ´ qx`1

§ 2|qx`1 “ 2px`1 ¨ qx`3 1 - start here b/c one unknown

“ 2px`1 ´ 3px`1

“ 3qx`1 ´ 2qx`1
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Life Tables Notation

§ lx - expected number of survivors at pxq

§ ndx - expected number of deaths between ages x and x` n

§ dx - expected number of deaths between ages x and x` 1
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Life Table Example

x lx
0 81 radix
1 64
2 49
3 36
4 25
5 16
6 9
7 4
8 1
9 0 ω

lx “ l0 ¨ S0pxq

S0p4q “
25

81

px “
lx`1
lx

npx “
lx`n
lx

2p5 “
4

16

qx “
dx
lx
“

lx ´ lx`1
lx

nqx “
ndx
lx
“

lx ´ lx`n
lx

3q1 “
64´ 25

64
“

39

64
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Life Table Example cont.

x lx
0 81 radix
1 64
2 49
3 36
4 25
5 16
6 9
7 4
8 1
9 0 ω

n|mqx “
lx`n ´ lx`n`m

lx

x x` n x` n`m

2|q3 “
l5 ´ l6
l3

“
16´ 9

36
“

7

36

Table built from

S0pxq “
`

9´x
9

˘2

lx “ 81
`

9´x
9

˘2

2.5p3 cannot be determined
from table
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Illustrative Life Table (ILT)

...
...

...
...

...
...

...
...

...
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Exercise 1

(same exercise from lesson B.1.2, but solved using life table now)

You are given 1|qx`1 “ 0.095, 2|qx`1 “ 0.171 and qx`3 “ 0.200.
Calculate qx`1 ` qx`2.

y ly dy

x` 1 1000 1000´ 950 “ 50

x` 2 855` 95 “ 950 1000ˆ 0.095 “ 95

x` 3 171{0.2 “ 855 1000ˆ 0.171 “ 171

qx`1 ` qx`2 “
50

1000
`

95

950
“ 0.15
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Exercise 2

You are given the following:

A. The probability that a person age 20 will survive 30 years is
0.7.

B. The probability that a person age 45 will die within 5 years
and that another person age 40 will survive 5 years is 0.0475.

C. The probability that a person age 20 will survive 20 years
and that another person age 40 will die within 5 years is
0.04.

Calculate the probability that a person age 20 will survive 25
years.

Restate the problem using actuarial notation:

A. 30p20 “ 0.7
B. 5|5q40 “ 0.0475
C. 20|5q20 “ 0.04

Calculate 25p20.
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Exercise 2 cont.

Given:

A. 30p20 “ 0.7

B. 5|5q40 “ 0.0475

C. 20|5q20 “ 0.04

Calculate 25p20.

‹ l40 ´ 40 “ 700` l40p0.0475q

l40 “ 777

l45 “ 777´ 40 “ 737

25p20 “
737
1000 “ 0.737

x lx 5dx

20 1000
...

40 l40 1000ˆ 0.04 “ 40

45 ‹ l40p0.0475q

50 1000ˆ 0.7 “ 700
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