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Sources

This lesson comes from Ross Chapter 5 section 3, and the Daniel note
section 1.1.
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What is a Poisson Process?
A Poisson Process with rate λ is:

• A Stochastic Process
an indexed collection of random variables, e.g. tXt , t ě 0u

1. Daily close of S&P −ÑNOT a Counting process
2. Points scored by a field goal kicker −ÑIS a Counting process

−ÑNOT a Poisson Process
3. Number of insurance claims filed −ÑIS a Counting process

• A Counting Process
tNptq “ events by time t , t ě 0u

1. Nptq Õ and ě 0
2. Nptq is a whole number
3. Npt ` 3q ´ Nptq “ events counted between t and t ` 3

• Npt ` sq ´ Nptq „ Poissonpλsq −Ñ Stationary Increments
• Npbq ´ Npaq and Npdq ´ Npcq are independent if b ď c

−Ñ Independent Increments
Turns out: PrNphq ą 1s “ ophq −Ñ Nptq increases by one at a time.
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Examples
Trains arrive at a station according to a Poisson Process with rate 1
every 10 minutes. What is the probability that at least one train will
arrive in the next 20 minutes?

PrNp20q ´ Np0q ě 1s “ PrNp20q ´ 0 ě 1s?

λ “ 1{10 −Ñ Np20q „ Poisson pλ ¨ 20q “ Poissonpp1{10q ¨ 20 “ 2q

From the tables: pk “ e´λλk{k!
PrNp20q ě 1s “ p1 ` p2 ` p3 ` ¨ ¨ ¨

“ 1´ PrNp20q “ 0s

“ 1´ e´p2qp2q0{0! “ 1´ e´2 « 0.865

What is the Variance of the number of trains in the next 20 minutes?
Np20q „ Poissonp2q −Ñ VarrNp20qs “ 2

Variance of Poissonpλtq is λt , Expected value of Poissonpλtq is λt

As t Õ, Nptq „ Npλt , λtq −Ñ approximate using continuity correction.
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Examples

Trains arrive at a station according to a Poisson Process with rate 1
every 10 minutes.

What is the probability that no trains arrive in the next 10 minutes and
exactly 2 trains arrive between 10 and 30 minutes from now?

PrNp10q “ 0,Np30q ´ Np10q “ 2s?

p0, 10q X p10, 30q “ H −Ñ Np10q,Np30q ´ Np10q are independent.

Np10q „ Poissonpλ ¨ 10q “ Poissonpp1{10q ¨ 10 “ 1q

Np30q ´ Np10q „ Poissonpλ ¨ p30´ 10qq “ Poissonpp1{10q ¨ 20 “ 2q

PrNp10q “ 0,Np30q ´ Np10q “ 2s

“ PrNp10q “ 0sPrNp30q ´ Np10q “ 2s

“
`

e´1˘ `

e´2p2q2{2!
˘

“ e´322{2 « 0.0996
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Exercise 1

Suppose that trains arrive at a station according to a Poisson Process
with rate 1 every 10 minutes. What is the probability that exactly 2
trains arrive in the next 10 minutes or that exactly 1 train arrives
between 10 and 40 minutes from now?
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Exercise 2

For a tyrannosaur with 10,000 calories stored:

• The tyrannosaur uses calories uniformly at a rate of 10,000 per
day. If his stored calories reach 0, he dies.

• The tyrannosaur eats scientists (5,000 calories each) at a Poisson
rate of 1 per day.

What is the probability that the Dinosaur dies at time 1?
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