Learning Objectives:
1. The candidate will understand the fundamentals of stochastic calculus as they
apply to option pricing.

Learning Outcomes:
(1c)  Understand Ito integral and stochastic differential equations.

(1d)  Understand and apply Ito’s Lemma.

Sources:
Nefci Ch. 9

Commentary on Question:

This question tests the candidates’ understanding of the fundamentals of stochastic
calculus, such as Ito integrals and mean square convergence. The key to solving this
question is to understand and apply the properties of Wiener process, specifically the
independence of increments and their means and variances, and knowing the definition of
mean square convergence. The majority of the candidates struggle with parts (a) to (c),
and part (d) is done relatively well.

Solution:

(@)  Calculate E[[Z?;eW‘;A\NtJ ]

Commentary on Question:

Most Candidates struggled with parts (a) and (b), as they did not recognize the
independence structures within the expressions that they were trying to simplify.
Partial marks are given for steps done towards the final answer.
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n—1 . 2
E (Z vei‘%AWti>

i=0
n—1 ¢ t;
=E| ) e tiaw, )2 | +2E| Y "2 2aW, AW,
i 13 ]

i=0 i<j

All terms in the second summation are 0 since AWtj is independent from the
rest and has a mean of 0.

Therefore,
n—1 . 2 n—1 n-1

E <Z eWti—%AWti> = E (2 o 2Weiti (AWti)2> _ z E(e?a™)E((AW;,)?)
i=0 i=0 i=0

Since Wy, ~N(0,t;), thus 2W,, — t;~N(—t;, 4t;), and so
E(e?"a ")E(aW,?) = ftﬁ%h = heli
Or
4t;
E(e®"a)E(AW,?) = e HE(e®"1)E(AW,,*) = e"tie 2 h = he'i

Therefore,
_ 2 e
n-1 M&__ﬂ_ n-1 . 1 —-e”h i i
E ze i2AW, | = . he'i = h T —on =(1-e )1—eh
=0 =0
n-1 Wx-_Li WT_I
Calculate E|[| > " e" 24W, [le " 2-1]|].
n-—1 . T
(Z ko, ) (5= 1)| < 3 e [ortaw, (ot -1
i=0

For each term in the summation, denote A = W, B = AW, , C = Wy — W, ,
then

t; T t; T
E [eWrrthi (eWT_E — 1)] =E [ A‘73< (A+B+C)—3 1)]

=E[ 24+B+C—5 ‘ZB] E[ ]
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Due to independence of A, B, and C
Wi~ wr-3 e (024 F (o€ B
E[e ti ZAth.(e T 2—1)] =e 2 2E(e**)E(e®)E(Be”)

Li T T—tiys h
=e 2 2e%lie” 2 he2 = heli

Therefore,
n—1 ‘ T n—-1 1 e"h h
W, —=2 Wpr—= _ i — B — _ T
(Z)e fszWtL)(eT2—1)]—Zohet—h1_eh—(1 e)l—eh
1= 1=

T ow-S WT*I . n-1 Wt-*t*i
Show that IO e 2dW; =e 2 -1by proving that Zizoe ' 2AW, converges to

E

W Y -
e 2-1 in mean square convergence.

Commentary on Question:
Partial marks are given for understanding the definition of mean square
convergence.

To show that the Ito sum converges in mean square convergence, we need to
show:
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Since n — oo is equivalent to h — 0, we calculate the limit of the right hand
sideas h — 0.

To calculate Illirr(l) we need to employ L'Hospital's Rule; using it we see the

1-eh
limit is 1.

(nz_f eWti‘%AWti> — (eWT_g — 1>]2 =—(1-eN+(e'-1)=0

i=0

lim E

n—-oo

t

T w-S W _ W W ) ,
Show that jo e 2dW,=e 2-1byprovingthat d|e =e 2dW, using Ito’s
Lemma.

Commentary on Question:

This part is done relatively well, as most candidates were able to apply Ito’s
t

_t _t
Lemma properly and demonstrate how d [ew‘ Zj = eWt 2dW, leads to proving

T

T w2 W
Ie 2dW; =e 2 -1.

0

By Ito’s Lemma,

vy _2( ) ol o gor(e)
t=5 | — —
d(e ) AW, + o d

2 dt
ot o,
1

t t 1 t
=-5 e 2dt + e 2dw, + 5 et 2dt

t

t
Wr—=
=e t Zth

Therefore, integrating both sides

T t T t
f d(e"2) = f et 2dw,
0 0
T 0

T
t
Wr—5 0> Wy
e'T"2—¢ 2=f e’ 2dW,
0

T oyt woT
et 2dW,=e"T2-1
0
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