B.1 Solutions
Last updated October 8, 2013

1. Since w = 105
20 1

1020925 = 105 — 25 1

2. When you double the force of mortality, the probability of survival is squared
Ve =z =(1—a)

The adjusted mortality rate is

¢ =1-1p,
=1—(1—gq.)*
—1—(1-2¢,+ ¢
=|2¢, — ¢

4. We have DML with w = 100

40
10P50 = % =

5. First write ;p, in terms of the expected number of survivors ;p, = &2“

For A we have

. gac—&—t - Ka:—i—t—&—u Ex—i—t—i—u
tlude — t+uPz = / - /
T T

€x+t - 2€x+t+u

ly

For B we have

L gm - €x+t+u gaz - €x+t fJc—i—IH—u
tludr — tqx T t+uPr = / - / /
x x x
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€x+t
ly
= tPz

We can stop here since |B|is the answer. C and D don’t even make sense because
the dominator is not the same for each term.

6. Key fact

s _ T39
39= ——
{39

We can use /35 to find /39
{39 = l33 — d33

d
mag = 0.021 = L—?’S = dyg = 0.021(2475) = 51.975
38

U39 = l38 — 51.975 = 2448.025
We can use T35 to find T3g

T39 = T33 — Lag = 95000 — 2475 = 92525

Finally
o 92525

“97 5448.025

=|37.80

7. 1is clearly true. For 2, we need the numerator to be the number of deaths b/w
ages x+tand x +t+u = Vlpry — lyy1q, but the numerator given is the negative
of that, so 2 if false. 3 is also clearly true.

8. / /
=22 =[0.33
Lo
9. We are given DML with w = 100
100—-90 1
=—— —— =145
€90 5 5 = 4.5]
10. Key facts
o wWw—x
€y =
2
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(w—z)?

T p—
Var[T'(x)] T
So for z = 20

o W — 20

€920 — 9 =45

w = 110
110 — 20)2
var[r(2o)] = 1200

11. 1 is false, ey = €y + % 2 is clearly true. 3 is also true, since

/ gm—kt dt =T,
0

and
o T,
Cr= —
Cy
12. gy = 1.4 - agp gives us
1 — 20 1 — 10
N
) )
v — 1.401° + 0.4 =0
v0 =04
e 1% =04

We need to find 29j1920

20[10920 = 20P20 — 30P20

_ o200 _ =300
—0.4> —0.4°
=10.096

13.

212415 = 2P15 — 4P15
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—2(0.0012) _ _—4(0.0012)

=€

=10.00239

e

14. This is a tricky problem. The elegant solution realizes that total number of
drivers is just 1000 215:@- In other words, the number of drivers is equal to the
number of new drivers times the average time each driver lives.

gg,m = 215 — 50P15° é65

100 — 15 B 100 — 65 100 — 65
2 100 — 15 2

= 35.294

1000(35.294) = |35294

15. First find the adjust probability of survival in terms of ¢

1
P30 = €Xp (—/ (30 +¢) dt)
0

Py = €xXp (— /Ol(u(?,o 1) —c) dt)

—ew (- | (30 + at) exp ([ 1 cat)

= p3o - €°
=0.95 - ¢€°
We want to reduce g3y by 25%
30 = 1 — 0.95 = 0.05
g3 = 0.05 x 0.75 = 1 — py,
0.0375 =1 — 0.95¢°

¢ =10.013]
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16.

s'()
/L(l’) - S(SL‘)
LIJS 1‘2
_ee(-n) (%)
exp (—13)
4
17. We have DML with w = 125
o T50
€50 = 6_50
125 — 50 Txso
2 - 1000 . 125-50

125

T = [22500]

18.
Pso = 0.7
Pl = (0.7)% = 0.83666

g5 = 1 — 0.83666 = |0.16334

19. s(x) =1 —0.01x = %2 = DML with w = 100. Under DML median future

100
lifetime = mean future lifetime.
o 100 — 10
€10 = o
20.
B Uy — U3
2421 = T
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Uy = lyy — doy = 30000 — 1200 = 28800

U3 X pa3 = Loy

23900
— 227 95699
=03
28800 — 25699
—[0.1077
2021 = 758500

21. We have DML with w = 100
(w—=)* (100 — 20)*
2 12

=533.33

Var[T'(20)] =

23. Survival follows DML with w = 72. First we need to find the expected future

lifetime of a hen aged 12 months
o 72 — 12
€12 = 9

The total number of eggs is the number of hens times the number of eggs per
month times the expected future lifetime

=30

100 x 30 x 30 = {90,000

24. You actually don’t need to know anything about Weibull’s law. They give
you all the information you need.

d

e = s pw(x +1t)

s(x +1)

exp( 0.015(35)11)
o (0015 . 0.0165(35)"

=10.0186743

p(w +t)

25. We have DML with w = 70. The expected density of deaths is
lo (@) = Lo s(x) ()
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70 — 30 1

= 1000 - =114.286

70 70—30

26. s(z) = e %% implies CF with g = 0.05. Under CF m, = p =[0.05].

27. We have DML with w = 100

S Tos
25 —
{5
100 — 25 1o
2 = 500 - 100—25

100

Tys =[14062.5]

28.
prs = 0.88
phs = (0.88)* = 0.7744
¢hs = 1 — 0.7744 = [0.2256
29.
_ _ 10 10
10000 9011055 " + 10000 101055 " = 10000 - -+ 10000 - == 3429

30. First find ¢,

—1
wla) = —1- 5 e
Ay = (10 + )7
1 1
- — 3 1
30
5[1590 = 1 =35
o 3
31. Under CF we have
o 1
€sp — — — 20
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Tao = lso eso= 10000e5009) (20) = 3663

Under DML we have

o 100 — 80
680 = T =
20

T — e == 1 —_— 1 = 2
80 gg() €30 000 (100) ( 0) 0000

10

The difference is
20000 — 3663 =|16337

33. Let’s find s(x) first

s(z) = zpo = exp (— /Om u(y)dy)
ool [ )

= (=v]y)
= exp (—2?)
That eliminates B, C and D. Now we find F'(x).

2

Flz)y=1—-s(z)=1—-¢"

Therefore |E| is the correct answer.

34. We want to find 5¢30

5/430 = 5P30 — 6P30

35 36
= exp (—/ 0.02 z%° dx) — exp (—/ 0.02 z%° dx)
30 30
02 35 02 36
e (2 002,05] 7 o (002,15
1.5 30 1.5 30

= 0.5656 — 0.5020
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=0.0636

35. The ratio is

gxtm _ éx (1 _ 10p9€) & (1 o 6—10(0.1))

= = =[1.462

o o 1 —
ey:m ey (1 - 10py) 0.2 (1 —€ 1000 ))

36. Simple recursion

es0 = pso (1 + es1)
20 = 0.97 (1 + 651)

es1 = [19.619)]

37. We add up the force of mortality between ages 40 and 42, take the negative

and take the exponential

42
2P40 = €XP (—/ ﬁtdt) =
40

39. First simplify the expression

lg — U7
P1-P2-P3 Pa-P5-q6 = 5P1 46 = 51191 = ’
Now find ¢;, ¢ and ¢
¢1 = 1000(0.875) = 875
lg = 200 — 120 = 80
(7 =20
Plugging these back into the first equation we have
80 — 20
“P2-P3 DL P5c Qe = =0.06857
P1-P2-P3-Psa-P5"q6 375

40. We are given MDML with w = 100 and a = %

35 1/2
= | — = 10.683
40P25 (75>
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41. The force of mortality is the derivative of the expected number of survivors
divided by the expected number of survivors

d
—4y.
plr) = —5—
1
100 (2) (k — 0.52) "3 (0.5) _
p(x) = 5) 3 = 3 (k — 0.52) !
100 (k — 0.52)3
For x = 50
-1
= =3 (k—25)
k=

42. The sum of the force of mortality over all possible ages must equal infinity
and the sum of the pdf over all possible ages must equal 1.

(i) J;7(1+z)3de = 5 # oo .. invalid.
(ii) Jf,70.05(1.01)"dz = 0.05(1.01)"/In(1.01)];” = oo,.". valid. Note this is Make-

ham’s.

(iti) [y e 2dz = —26_%}80 =2 # 1 . invalid. This is almost exponential, but
needed a coefficient of %

46. If we let £, = 10000 — 22 then —4L¢, = 2z and p(z) = {5oe—; as given. Thus

lp — ey 10000 — 2% — (10000 — (2 + 1)?) 27 + 1

©o="r = 10000 — 22 ~ 10000 — 22

48. Build a table

T l,

60 | 100,000
61 | 98,000
62 | 95,844
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Thus le1.5 = £ (98000 + 95844) = 96922. We want the average lifetime of a 60 year
old limited to 1.5 years so let’s consider the three distinct cases (1) die between
ages 60 and 61, (2) die between ages 61 and 61.5 and (3) live to age 61.5. The

average lifetime limited to 1.5 years under those three cases are (1) 0.5, (2) 1 +
0.5/2 = 1.25 and (2) 1.5.

So the average lifetime for one of these 60 years olds is the total lifetime lim-
ited to 1.5 years divided by the number of 60 year olds

0.5(100,000 — 98,000) + 1.25(98,000 — 96,922) + 1.5(96,922)

—[14
100,000 e

49. Because 6 = 0, az = T". Thus
Var|az] = Var[T
h = E[T?] — (E[T])*

0N\ 2
h=2g— (em)
€y = 29 — h
50.We are given msy = 0.1
d _
01 do _ lrg — Uny
L Ly
We are also given a(70) = 0.45
0.45 — L70—_£7l
Uy — Uny
0.45 — Lz  In
bro— Ul l7g— U
U
0.45 = —
0.1 1055 — 07
b =
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52. d, = k means there are an equal number of deaths each year. In other words,
we have DML.

€200 = 20P20(20) + 20G20(10)

w — 40 20
18 = 20 1
w—QO( )+w—20(0)
w =120

Now we can find the probability

B 10
30[10930 = 190 — 30

=[0.111]

53. We are given 236:@ so let’s try to write that in terms of the integral we desire

28
636:@ = /0 ttp36 ,u(36 + t) dt + 28 28036

& 100 — 64)%°
0

(100 — 36)0-

28
3.67) = / ¢ pso (36 + 1) dt
0

55. in general %th = pz p(x +t). And under UDD ;q, = t ¢, thus

tpxu(x+t) - %t%c =4z
Thus

_ 112
QI—E

56. All of these functions are non-negative so we just need to check that s(cc) = 0

+1T
(1) S(x) — 67 fOI BCt dt —_— e_ ﬁlcC:IO — e%lean

) = eme £0
(i) s(z) = o Jo B+ dt _ 2B+ 2B-2B(2+1)%

s(o0)=e =0V

B
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T

z n _ k(t+1)"+1} k—k(z+1)" 11
(111) S(l‘) = e fo k(t+1) dt —e n+1 0= e  nfl

s(o0)=e =0V

1
57. Under DML pu(x) =
w—
1
N 4r—1 w—(z—1) 1
i = = v
( ) Px—1 w—;ﬁx(;i)lgl w—2
1 1 1
(ii) = = v

dy dy

dy
(iii) L — —
1+05m, 1+ o,5g_w L,+05d, {,—0.5d,+ 0.5d,

1

Ww—-

v

Gz =

59.
. 637 — 639 96 — 87
— = = 0.091 v
(i) 112436 ™ 09
. d37 ds7 4
(i) mgr Lar (35 + 0.5ds;  92+05(0)

(iii)  f385 = 3(92) + 3(87) = 89.5
U356 = 5(92) + 2(87) = 87.833

. 638.5 — 638—1—5/6 . 895 — 87833
1/34938.5 = lsas = 305

— 0.0186 £ 0.021

60. First find qy5 using 1(45.5) and the assumption of UDD

445
45.5) = ———— = 0.5
M( ) 1— 0.5Q45

1

q45 = 55

Now calculate e 4571

lg/45:ﬂ = pa5 + 0.5q45
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1 1
— 11— — 405 —
2.5+05<2.5)

o8
61. Build a table
x l,
70 100
71 96
72 1 91.776
Thus 96 + 91.776
l715 = ———— = 93.888

2
Now we can break up the 100 people age 70 into three distinct cases (1) those who
die between ages 70 and 71, (2) those who die between ages 71 and 71.5 and (3)

those that live to age 71.5. The average lifetime for those three cases limited to
1.5 years is (1) 0.5, (2) 1 4+ 0.5/2 = 1.25 and (3) 1.5. Therefore

o 0.5(4) 4 1.25 (96 — 93.888) + 1.5(93.888)

€70.151— 100 =1.45472

62.
piw +s) 2 plz +s)

4z - _ 3 __ 4 _
[ > —Inp, =—In(1 —.25) = —Inj =In3 = 0.2877
0.25
1 —0.25s

s >10.5242

> 0.2877

63. Add up the force of mortality between ages 0 and 0.5, take the negative and

take the exponential
0.5
0.5P0 — €XP <—/ A + €t dt)
0
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0.5 = exp (— [At + et] 8'5)
0.5 =exp (—O.5A — e’ 4 1)
—In0.5=05A+ " — 1

A =1[0.09]

64. Under DML p(x) = —

1 1 1
(1) (o} - w—x - \/
2 e, 2 (—) w—2x
. 1
(11) n|dz = " — 1 v

(...) mx El/_i dl’ dz 1
111 = = — _
1+05m, 1+ 0.5j.j—x L.+0.5d, {,—0.5d,+0.5d,

65. A valid survival function must satisfy three conditions

(i) s(0) =1
(ii) s(c0) =0
(iii) non-increasing

You can easily validate the first two conditions for all three functions. It is also
easily shown that functions 2 and 3 are non-increasing. For function 1 if we
calculate s(0.5) we get e’?! = 1.2337 and since s(0) = 1, function 1 fails the

non-increasing condition.

68. We have MDML with a = r

puy) =0.1
L —01

W=y
10r=w-—y
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We are also given Ey = 8.7

e, = 8.75
YTY 8715
r-+1

w—1y=875(r+1)

Putting the two equations together we have

10r = 8.75(r + 1)

r=7]

70. First we need to find ¢,. We are given ¢ 75p, = 0.25 thus g75¢, = 1 — 0.25 =

0.75. Since the assumption is UDD, then through 75% of the year 75% of the
deaths have occurred:

0.75¢z = 0.75 - g,
0.75 = 0.75 - ¢,
qr = 1

Under UDD we use the length of the squiggly line times ¢, divide by 1 minus the
length of the line to the left of the squiggly line times ¢,

(i) Draw a picture

0.5 0.25 0.25

&

z+ 0.5 x+0.75 r+1

0.25q, 0.25(0.75)
o _ — 05
0258005 = 7 5 T 1= 0.5(0.75)

(ii) For this one we can draw a picture or just think that for half the year half
the deaths have occured

050 = 0.5¢, = 0.5(0.75) = 0.5 v/
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(iii) You can either memorize u(x 4 t) under UDD or you can quickly derive it:
& e = o (T + 1)
Az = (1 - th) M(x +t)

4z
t) =
p(z +1) T
(z +0.5) ! 2 £0.5
X . = = .
a 1-05

71. For this problem you need to have the force of mortality functions memorized
for Gompertz and Weibull:

IUJG
WV (x) = ka"
Now it is just algebra
1e(50) = 1" (50)
0.05 (10°%4)*" = 0.1(50)"
50 = 50"

72. This is MDML

«Q w—2 o
w—x «oa-+1 a—+1

74. For the first half of the year the additional mortality is ¢, then it uniformly
decreases to 0. So we need the equation for a straight line from (0.5, ¢) to (1,0).
The slope is m = 0?5—__01 = —2c. Using the second point we find the y-intercept,
0 = —2¢(1) 4+ b thus b = 2¢. So our extra mortality for the last half of the year is

—2ct + 2c.

1
Pss = €xp <—/ 1 (35 + t)dt)
0
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0.5 1
= exp <—/ u-l—cdt) - exp <—/ M—20t+20dt>
0 0.5
0.5 0.5 1 1
= exp <—/ udt) - exp (—/ cdt) - exp (—/ udt) - exp <—/ 2c — 2ct dt)
0 0 0.5 0.5

= P35 6—0.50 6—0—}—0.750 _ 0.9856_0'750

gs5 = |1 — 0.985¢0-75¢

75. The new type is guaranteed to survive to age 5, then it’s future lifetime is
uniformly distributed from 0 to 35 beyond age 5.

o* 35

& — €y = 22.5 — 20 =[2.5]

76. We are given MDML with w = 100 and a = 4

Ty — Teo _ a0 <T40 — T6O)
U3 U3 o
= 10P30 é4();@

(0] (o]
= 10P30 (640 — 20P40 660>

(2" (2 ()" )

= 5.624

77. When you see (k* — 2)'/3 you should be thinking this might be MDML. With
one step of algebra we confirm this

s(z) = (k?’k; x>1/3 _ (w;g;>a
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So we have MDML with w = k® and a = 4

wl

eq = 2 eso
k3 — 40 :2(k3—80>
3+1 141
k=120
Finally
;60 _ 1210;160 _

3

78. This is MDML with w = 100 and a = 1/2, but we don’t need to know that
to work the problem. Let’s start with F(75)

/100 —
F(:l;)zl—s(yc)zl—M
10
o}
F =1——=0.
(75) = =05

Now we find f(75)

() = F'(x) = 5 (100 — 2)

f(75) = .01
Finally we find p(75)
i)
) S(2)
.01

79. Build a table

Yy by d,
x+ 1| 100 (arbitrary) 100 —95 =5
x+2[83.5+95=95| 100 x .095 = 9.5

v+3| =855 |100x.171=17.1
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5 9.5

Qx+1+Qx+2:_+_:

100 95

80. K is the number of complete future birthdays of a life age 96. Completing
the table we have

r | d,
96 | 50
97 | b7
98 |42
99 |31

100 | 0

W N = O

Now this is a 1/P problem

o7 42 31
B(K)=—((1) 4+ —(2) + —
(K) 180(>+180()+180

57 42 31
E(K?) = —(1)"+ —(2)° + —
)= 1M T 150" F 10

Var(K) = 2.8 — 1.3% =[1.11

(3) = 1.3

(3)? =28

81. Rewrite ¢, in terms of the survival function, then use the product rule to take
the derivate

di v = % (1 B S(f(;r)l)>
£
— s DD (s ) S
o Cen) S )
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82. The first moment is

The second moment is

= 0.6w?

The variance is the second moment minus the first moment squared

Var[T'(0)] = 0.6w* — (%w)2 =| 3w’

83. We add up the force mortality between ages 35 and 45, take the negative and
take the exponential

10p35 — e_ f3455 ,u(x) dx
0.81 = ¢~ Jas b de
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45
ka?

0.81=¢ 2 s
0.81 = ¢ 200%

Now do the same for oopyg

60
20P40 = € Jio ke de

e—lOOOk

(6—400k) 20

ot

— (0.81)
—[0.59

84. 4¢, = 0.10 means that each year 10% of the original /, lives die each year. In
other words, the number of deaths is the same each year. The future lifetime of x
follows a discrete uniform distribution over 10 years, thus

3
2Pz+5 — 5

If you want to think of this in terms of DML, then it is Discrete DML with

w = x + 10. You might be tempted to say w = 10, but this life is already age x

and his future lifetime is at most 10 years so the limiting age is « + 10 not 10.
r+10—(x+5) -2 |3

Pets = 0 (x4 5) b

85.
o W — 30
€30 — 9 =30
w =90
1
qoo = 60
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86.

*

¢ =1-p,

87.
s(y +m)
mPy = — 7~
s(y)
1
1+y+m
0.5 = i
I+y
1ty
I+y+m
20l4+y)=14y+m
I+y|l=m
88.
by =e fo (z+t)d
1—G,=e Jo pla+t)—kdt
1_0:6—f01 .%‘-‘rt fokdt
1:pxek
Inlt =
lnpfl—k;
—Inp,|=
89.
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r+1
__s@ _ ()
(11) /’L(x) - 5(3:) - %ﬂ x+1
1(49) = 0.02 v/

(ili) 1ops39 = % =3 =2=08V

90. Use the variance to find w

Var[T'(15)] = 675

(w— 15)?
——— =675
12
w = 105
Now find the expected future lifetime
° 105 — 25
€5 = ——5—— =

2

91. Add up the force between ages y and y + 1, take the negative and take

exponential
1
Py = €xp (—/ p(y +1) dt)
0

But notice that u(y +t) = 2u(x + t) so

~ exp (— /0 (e 1) dt)
_ [eXp <—/()1u(x+t)dt>r

— [1—0.04]°
— 0.9261

g, = 1—0.9261 = [0.0784
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93.
S=2R

1 1
1 — e_fo Mx+tdt6_fo k dt = % (1 _pl‘)
2
3

1_pxek: dx
1_§q$’:pxek

1—2q,
111( 3q) —k
Px

95. Note that is MDML with w = k? and a =
algebra

%. This can be seen with a little

sy = YEE L[] o]’

Under MDML ¢, = “==

1
ey =2 es
k? — 40 :2<k2—80)
1.5 1.5
120 = k°
Now find 260 O 190 — 60
€60 — T -

96. Let m be the median future lifetime of (20), then

0.5 = P20

20+m 1
0.5 =exp —/ \/ dx
20 80 —x
204+m L
0.5 =exp (—/ (80 —x) 2 d:z:)
20
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[ SIS

0.5 = exp <2 (80 — )

")
0.5 =exp (2 [\/m — \/@D

m =15.25

97. We are given ;p, = (0.8)% which implies CF with p = 0.8.

p=et
0.8 =e*
@=—1In0.8
To find T, 1 we will use
g _ Tx—i—l
s €x+1

So we need £,

€x+2 = €x+1 Pz+1
€$+1 =38

So finally
1

—no8 "’

8 =[35.9]

(]
Tx—!—l = €x41 Zz—kl —

98. Under CF the future lifetime is distributed exponential with mean 1/p. Since
the pdf follows the exponential distribution we have CF with u = 2.

el‘:_:

1
L 2

99. Under CF the future lifetime is distributed exponential with mean 1/u. Since
the pdf follows the exponential distribution we have CF with y = 2.

1 1
Var[T] = — ==
L 4
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100. Under CF the future lifetime is distributed exponential with mean 1/p.
Since the pdf follows the exponential distribution we have CF with y = 2. Let m
be the median, then

mPr = 0.5
e "™ =10.5
e 2™ = 0.5
—In0.5
m =
2
In 2
m=|—
2

101. Under CF the future lifetime is distributed exponential with mean 1/p.
Since the pdf follows the exponential distribution we have CF with p = 2. Under
CF m, = p = 2. If you didn’t memorize that, then you can derive it quickly

da _ fol Core pp( + 1) dt _ Mfol Coyy di
L, o s dt [ s dt

=4

104. First note that ;p, ppyr = %th and under UDD ;q, = tq, SO Py flztt = Q-
This is not surprising since p, p.1¢ is the pdf and we expect this to be uniform
(i.e. not a function of t) over 0 to 1.

3/4Px + % (1/2px ﬂx+1/2) =1- %qgc + %Qx =1- leqg: =

105.
s(33)

=10.00724
s(32)

g2 =1—p3p=1—

106. For the actual force of mortality we have

d‘ifx 2000 (1:80) (1(1)0)
Tr —
s (1000 [1— (3&)]

100
H52.95 = 0.013445
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For the approximation we assume UDD

L__%tpx_%t(h_ 4z
Ho = = =
tDx N e A
Find 450 / /
gs0 = 2L — 013467
U0
Finally
0.013467

L =|—0.000067
_ = 0.013445 — 0.000067
H50.25 — H50.25 1 —0.25(0.13467)

107. A valid force of mortality function must be non-negative for all x and
Jo” 1(x) dz = oo because s(0o) must equal 0. All three satisfy the first condi-
tlon

fOOOBC’“"dx: B—Cg}m:oo v

(il) [, a(d+ ) de = aln(b+2)];" =00 v
(i) {514 2) 3 de = —3(1+ )77

oo

0 =3 0#00

109. Under the assumption of CF ;p, = (p,)! and age doesn’t matter so 1/4Pat1/4 =

1/4Px
49
1/4Px 50
49
/4 =

For UDD we draw a picture

N
=
DN +—

[ ]
®
>
J

8
8
+
=

T -+

N —
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The probability of death is the length of the squiggly line times ¢, divided by 1
minus the length of the line to the left of the squiggly line times ¢,

1

14x
1/4Gz+1/4 = ——— = 0.0198
/ o 1 - %ngc
Finally
1/4Px+1/4 = 1 —0.0198 =]0.9802
110.

00 * d 0
/ tpa::uaH-tdt:/ %thdt: th]l =1l-q :
1 0

112. Under the assumption of CF ;p, = (p,)! and age doesn’t matter so ¢.25p,+0.1 =
0.25Pz

0.25Pz+0.1 = 0.95
(p$)0.25 —0.95
P, = 0.954
For UDD we draw a picture

0.1 0.25 0.65
T r+0.1 xz+0.35 r+1

The probability of death is the length of the squiggly line times ¢, divided by 1
minus the length of the line to the left of the squiggly line times ¢,

0.25q,
0.25qz+0.1 = ﬁ =10.04725
113.
(1) t+ulzx Z uqx+t
Pz — Pr+ttu > P+t — Pr+t+u
Do 2 Dot v
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(i) w@ert > tludz+t
ulz+t Z tPz uqr+t
1 Z tPx \/

(iii) Let m be the median
mPr = 0.5

w=z=m — ()5

w—x—m=0.5(w —x)

W -

—e, ¥
2 e

m =

114. One approach is to use integration. First note that between 0 and 1 ;p, =
e~ and between 1 and 2 ¢, = p, - _1Pry1 = 0.98e~ (- Dhart,

2
€421 :/ tPx dt
0

1 2
— / e~ dt +0.98 / e~ (t=Dhasr gy
0 1

1 — —lfhs 1 — — ot
- 10098 (6—>
Moz Ha+1

= 0.99 + 0.98(0.98)
— [1.9504

If you forgot how to integrate (sometimes I wish I could), then you can do the

following. The e %) column gives us p, and pyi1
P = 0.98
Par1 = 0.99

The next column gives us p(x) and p(z + 1)

1 - T
Pr— 0.99
p()
2
p(x) = 99
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=0.98
p(x +1)
4
1) = —
wla+1) = o2
Now we need a(z) and a(z + 1)
LJC g:v—i—l
=
Ly _ len
_ b Uy
o Em_&ﬂrl
gz
dx
4
q
4 _
q
Using this we get
892 _ .98
=B =05
al@) 0.02
094 _ 0,96
=2 =05
alz+1) 0.04
Finally
€31 = :(0.5) + 11¢:(1.5) + 2p(2)
= 0.02(0.5) 4+ 0.98(0.04)(0.5) + 0.98(0.96)(0.5)
=(1.9504
116.

0y = 01 py = 9700(1 — .02) = 9506
03 = lypy = 9506(1 — .02) = 9315.88
0y = by — dy = 9315.88 — 232 = 9083.88
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U5 = Ly py = 9083.88(1 — .026) = |8847.70

117. The average lifetime lived between ages z and x+1 by those who die between
ages x and z + 1 is a(z) and under CF we can calculate this as

( ) Ll‘ - Ka:—i—l
a(lr) = ——
63: - Em—}—l
x €I+1
b
o £$_€w+1
by
dg
_
q
4 _
q
Now we find p, ¢ and p between ages 1 and 2
s(2) 82 64
s(1) 92 81
64 17
q = 1 _—_— = —
81 81

Thus
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119. We are given MDML with w = 10 and a = 2.

e1m =1+ qa(l)
e —p1 € =pL4aq a(l)

()30 (-6))

a(1) =[0.4902

120. We are given MDML with w = 10 and a = 2. Under MDML e, = =2

a+1
o 9
€1 — g =
121. One approach is to build a table
i Zm 5dm
20 | 1000 (arbitrary)
25
30
35
40 ly 1000(.04) = 40
45 40(.0475)
50 | 1000(0.7) = 700

There are two ways to arrive at £45

lyo — 40 = 700 + 640(0475)
lyy = TT7
lys =777 — 40 = 737
Finally
737

45P20 =

124. e, is not in any of the answer choices so let’s rewrite that in terms of e,

€r+1 > €y
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€xt+1 > Pa (1 + €x+1)

€x+1 (1 - px) > Px

Px

e >
r+1 0e

126. Under CF age doesn’t matter thus

3|13433 = 3DP33 - 3936 = 3P33 * 3433

0.003 = 3p33(1 — 3p33)

3P§3 — 3p33 + 0.003 = 0 use quadratic formula

—(=1) £ +/(=1)2—4-1-0.003
2-1
e " = 0.996991 or 0.003009054

~ In(0.996991)  1n(0.003009054)

3P33 = = 0.996991 or 0.003009054

H —3 T 0.003
= 1.0045 or 0.00100453, but 1.045 > 1 so it is not allowed.
@ =.00100453
1000p ~
127. Complete the table
50 1000 0.02 | 1000(.02) = 20
51 | 1000 — 20 = 980 32
52| 980 — 32 =948 30
53 | 948 — 30 =918 28
54| 918 — 28 =890 | 0.028 | 890(.028) = 25

25

8004 gs0 = 800~~~ =

1000
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132. The adjusted values are

¢, =1—(1-0.07) =0.077
¢y =1—(1-0.10)" =0.105

Now we calculate the curtate expectancy

€x = Pz + 2Pz + 3Pz (1 + 6x+3)
— 0.93 + 0.93(0.9) + 0.93(0.9)(0.89)(1 + 5)
=6.237

€, = Py + ol + 30, (1 + e413)
= 0.923 + 0.923(0.895) -+ 0.923(0.895)(0.89)(1 + 5)
= 6.160

The difference is

e, — e, = 6.237 — 6.160 = [0.077

133.
20p60 = 0.1
e P =0.1
pw=10.115

134. Set f7p = 100 (arbitrary). We are given:
(i) Lop = €701/0.16 = 100(0.4) = 40
(ii) L100 = £50v/0.01 = 0.1 450
(iii) £100 = £70(0.08) = 100(0.08) = 8
Combining 2 and 3 we have
0.10gy =8
lgo = 80
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Finally
loy 40

10P80 = 5o ~ 30
137. Completing the table we have
x l, dy 2|40
0 | 1,000,000 | 200,000 | a5 = 0-2
1| 800,000 | 200,000 % = 0.2
2 | 600,000 | 300,000 | 5505 = 0-3
3| 300,000 | 300,000 % = 0.3

So of the original 2,500 bulbs 20% burn out during first year, 20% during second
year and 30% during the third year.

Year 1
2,500(0.2) = 500

Year 2
2,500(0.2) = 500

Year 3
2,500(0.3) = 750

Now we need to account for the 500 bulbs that burned out during the first year.
20% of these burn out during year 2 (one year later) and 20% burn out during
year 3 (two years later)

Year 1
2,500(0.2) = 500

Year 2
2,500(0.2) = 500
500(0.2) = 100

Year 3
2,500(0.3) = 750
500(0.2) = 100

Now we account for the 500 + 100 = 600 bulbs that burned out during year 2.
20% of those will burn out during the third year (one year later). So our final
table looks like

So the total number of bulbs replaced during the 3rd year = 750+ 1004120 = 970.

Year 1

Year 2

Year 3

2,500(0.2) = 500

2,500(0.2) = 500
500(0.2) = 100

2,500(0.3) = 750
500(0.2) = 100
600(0.2) = 120
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138. The future lifetime of (50) is uniformly distributed from 0 to w — 50

Var[T'(50)] = 192

(w — 50)°

= 192
12

w = 98

139. Use 20 = 25 to find w

eo =0
w—0
= 25
2

w = 50

The future lifetime of (10) is uniformly distributed from 0 to 40

40 — 0)?
Var[T(10)] = B0 =0° _ a5
12
140. Key facts
ga:—i—t:gx_t'dm
d
_dy d,
p(r+t) = —4 =

lory by —t-dy
If we let fg9 = 100 then
1(80.5) = 0.0202

dso
100 — 0.5dg
lg1 = 100 — 2 = 98

= (0.0202

Do the same for ;(81.5)

11(81.5) = 0.0408
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dg1
98 — 0.5dgy
dg1 = 3.9185
U3y = 98 — 3.9185 = 94.0815

= 0.0408

Likewise we find dgs = 5.6488 and (g3 = 88.4327.
100 + 98

lso5 = — 99
94.0815 + 88.4327
lgo5 = ; = 91.2571
Finally
lgos — ¥ 99 — 91.2571
2480.5 = 525 05 = =10.0782

ls0.5 99

141. If  didn’t vary then 5pp = e %%, but since it does we want

E(€—0.59) _ /11 6—0.59 . f(@) do
1

H 0.50 1

142.

(1.16)%° - v® - 5opy = (1.10)*" - *°
(1.16)% e 2% = (1.10)®
= 0.05312

Let m be the median then

mPo = 0.5
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e " =10.5
m =|13.0487

143.

U390 — 1 /
12920 * 35P21 = (%) (g) =10.001489

144. No air ballooning

€a5171 = 11025 (11) + 11¢25(5.5)
= S(11) + £(5.5)
= 10.193
With air ballooning

OCF oDML
625 11 =€95.1] T P25 €96.10]

I
oo
[\}

5 (1 — pas) + pas €ap10

= (L—e ™) +e % [8(10) + 2(5)]
9.389

The difference is

10.193 — 9.389 = | 0.804

146.

eé\g _ pé\g (1 +e%)
e% p% (1 —i—e%)

exp( f0u25 —I—Ol(l—t)dt)

exp( fo s (t dt)

— oxp (- /01 0.1(1— 1) dt)
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— oxp (Eu —t)2] ;)
—

1

2

0
bt = 10 exp <——> =9.5123

147. First find /o
Uy = %620 + %625 = 46,267

Now calculate the total time hospitalized for each range. If you survive to the end
of the range, then it is easy you get all the days in the range. If you die before the
end of the range, then on average you get half of the range since we assume UDD.

Range LRange

21-25 | 4(17,384) + 2(46,267 — 17,384) = 127,302
25-30 | 5(5,349) + 2.5(17,384 — 5,349) = 56,832.50
30-35 | 5(1,337) + 2.5(5,349 — 1,337) = 16,715
35-40 | 5(0) + 2.5(1,337 — 0) = 3,342.50

Total | 204,192

Now we simply divide by /91 to get the average

204.192
M1 @Ay

46,267

0.4
0.4P0 = €Xp <—/ p(x) dx)
0
0.4
0.5 = exp (—/ F + e d:z:)
0

1 0.4
0.5 = exp (—0.4F) exp (—5 eQI] )

148.

0
1 0.8
0.5 = exp (=04F) exp | 5 (1—¢e%)
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F =[0.2]

149. Before breakthrough

€30 — 7 = 35
After breakthrough
es0 =35+ 4
w — 30
=39
2
w =108

151. This is the curve of deaths |, u(x)

152. Under UDD /g4 5 is just the arithmetic mean of fg¢ and fg;

oo los + Lo7
965 = — 5
600 + ¢
480 = OU0 + for
2
ly7 = 360

We use the same idea to find f9g = 216, then we use those values to find a revised
value for f97 5 under the assumption of constant force

216
360

~[216\"°
0.5P97 = 360

216\ "
lor5 = Lo7 (0.5p97) = 360 <—) = (278.85

360

Po7

153. Since p is a random variable, what we really want is
2
Ele™"] = / e (1) du
0
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2

1 —
= —ze "],
=1(1—€e?) =0.432

g, = 1 —0.432 = [0.568

154. First build a table

x| b, | d,
1 {200 |20
211801 9
3171
Since dropouts are UDD
180 + 171
2 0T o

0.5d2 = 180 — 175.5 = 4.5

Finally

20(0.5) + 4.5(1.25) + 175.5(1.5)

e 500 —[1.394

155. We need to split the expectation at age 40 since that is where the force of
mortality changes

[e] (@] [e]
€95.95] = €25.75] T 15025 €40.T0]

= €35 (1 — 15p25) + 15025 €40 (1 — 10pa0)

1 ~15(0.04 ~15(0.04) (_1 ~10(0.05
:m<1—e ( )>—|—6 ( )(m) (1—6 ( )>

E[X] =8
ald)
a—1_8
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158. (@) .
-5\ 100

IU/(x) = e’
s(x) 1 — 5%

159. First note that R is just the probability of death between ages x and z + 1,
i.e. ¢;. Sis an adjusted g,.

s=1-con(- [ 1 pttyit) o (- | 1 )

= l—pxe_k

We are given S = 0.75R, therefore
l—p,e ¥ =075¢,

k_ 1 —0.75¢q,
Px

e
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161. The sum of a pdf over all possible values must equal 1
100

1= | fr(t)dt

0

100
1:/ kfi(t dt+/ 1.2 (k) dt
50

1=k [F(50) — F1(0)] + 1.2 (%)

0.4 = ]{ (50(]0)
lo
k=04-
by — Uso
—0.4. L0m — 3.8128

10m — 8950901
Where Fj is the cdf of f;. Next we find 19p40

~5(50)
10P40 = —3(40)
1= Fr(50)
11— Fr(40)
_ 1 — ksoqo
1 — kaoqo

Where Fr is the cdf of f;. We already have ks5qq, but we need k4q
10m — 9313166

kioqo = 3.8128 - = 0.262
10m
Plugging that back into the equation for 19p4g
1—-04
10940 = T 0963 0.813

162. The 75th percentile of the future lifetime is the age where the probability of
death before that age is 75% or the probability of survival to that age is 1 —75% =
25%

0.25 = hPz
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0.25 = 0.3¢7 92" 4 0.7¢7 01"

0=0.3 (e ") +0.7¢ %" — 0.25

o —0.7% /072 = 4(0.3)(—0.25)
© T 2(0.3)

= 0.31469907 (throw out negative solution)

h =]11.56138

163. Just list all the possible values for K A 3 and the corresponding probability

K | K N3 | Prob

0 0 0.1

1 1 0.9(0.2) = 0.18

2 2 0.9(0.8)(0.3) = 0.216

3+ 3 1—(0.1+0.18 +0.216) = 0.504

E[K A 3] = 1(0.18) + 2(0.216) + 3(0.504) = 2.124
E[(K A 3)% = 1%(0.18) + 2%(0.216) + 3%(0.504) = 5.58
Var[K A 3] = 5.58 — 2.124 = [1.069

164. We use recursion
éo = éom +40P0 g40
62 = (40 — 0.005(40)?) + 0.6 ey

ea = [50]

166. This is MDML with w = 100 and a = 2

101965 = 10P65 - 475

@ ()
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25
167. Find w
a0 = 30
w — 20
=30
2
w = 80
Thus
|1
q20 = 60

168. We need to find where 25% have died

yq30 = 0.25
yP30 = 0.75

b _ g 75
{30

Cyy30 = 9,501,381(0.75) = 7,126,035.75
From the table we see that
le7 = 7,201,635 and fgg = 7,018,432
Using linear interpolation

7.126,035.75 = 7,201,635(1 — ¢) + 7,018,432t
t = 0.41265

Thus, the fund is disolved in 67.41265 — 30 = 37.41265 years

4000P(1.12)3741265 — 3000(50000)

P =[540.32|
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169. Key fact

(60)
Where
5(60) = 1e~000010) 4 1=600008) — 0 00535425
s(61) = 1e 61010 4 1=61008) — 0 00491994

170. We find ey using integration since this isn’t one of our known mortality laws

o 0
€20 = / tPao dt
0

s(20 + )
s(20)

s(z) = 1— Fz) = ( 20 )3

50+ =z
(00N
P20 =\ 70 ¢

o <770 \°
= — ) dt
20 /0 <70+t)
= 70° / (70 + 1) 3dt
0

=35

We can find ;pyg as follows

tP20 =

Finally

171. We have MDML with w = 100 and a = %

15/113436 = 15P36 — 28P36
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